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"% '&*)+&' 21 supp(b)5 C)#  )%"+"0& "*+&<&#% m !*' n, .&+ n[m] '&*)+& +/& 3*"E3&

"*+&<&# "* {0, 1, . . . , m − 1} %34/ +/!+ n ≡ n[m](mod m)5 C)# !  &#;3+!+")* θ

)* ! %&+ V , !* *$+#-*#$" )!" )- θ "% ! %32%&+ )- V $/"4/ "% KL&' %&+:$"%& 21 θ5

'(!)*!" $%+%  !" V &! # 9$*"! )!" #$% :!" k &! # '()*"*+! *$"!,!- )230 "0#" k ≤
|V |1  !" q = pr

&! # '-*;! '(/!-. #$% :!" b = b(p, k) = (bm, bm−1, . . . , b2, b1, b0)p

&! "0! &#)!8p -!'-!)!$"#"*($ (7 k1  !" θ ∈ Sym(V ) &! # '!-;2"#"*($ /0()!

(-%!- *) # '(/!- (7 p1 <(- #$ *$"!,!- m ≥ 0. :!" Am %!$("! "0()! '(*$") (7 V

3($"#*$!% *$ 3=3:!) (7 θ (7 :!$,"0 #" ;()" pm
1 40!$ θ *) # (q, k)83(;':!;!$"*$,

'!-;2"#"*($ *7 #$% ($:= *7 "0!-! *) ℓ ∈ supp(b) )230 "0#"

|Aℓ+r−1| < k[pℓ+1].
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 !""#$  ⇒!

%&'() *$ "# θ ∈ Sym(V ) $%& '()*( % +',*( '# p %-) |Aℓ| ≥ k[pℓ+1] #'( %..

ℓ ∈ supp(b)/ 0$*- θ $%& %- 1-2%(1%-0 &*0 '# &13* k4

 !""# "# %&'() *$ 56++'&* 0$%0 θ ∈ Sym(V ) $%& '()*( % +',*( '# p/ %-) 0$%0

|Aℓ| ≥ k[pℓ+1] #'( %.. ℓ ∈ supp(b)4 72*(8 989.* '# θ $%& .*-:0$ % +',*( '# p4 ;*0

ai )*-'0* 0$* -6<=*( '# 989.*& '# θ '# .*-:0$ pi
4 "# ai ≥ bi #'( *2*(8 i ∈ supp(b)/

0$*- 0$*(* ,'6.) =* %- 1-2%(1%-0 &*0 '# θ '# 9%()1-%.108

∑
i∈supp(b) bip

i = k/ %&

9.%1<*)4 >*-9* ,* <%8 %&&6<* 0$%0/ #'( &'<* i ∈ supp(b)/ ai < bi4 ;*0

L = {i ∈ supp(b) : ai < bi}.  ?!

@$*- L 6= ∅4 51-9* L ⊆ supp(b)/ ,* $%2* |Aℓ| ≥ k[pℓ+1] #'( %.. ℓ ∈ L4

A', |Aℓ| =
∑ℓ

i=0 aip
i
4 A'0* 0$%0 k[pℓ+1] =

∑ℓ

i=0 bip
i
4 @$6&/ =8 %&&6<+01'-/

∑ℓ

i=0 aip
i ≥

∑ℓ

i=0 bip
i
#'( %.. ℓ ∈ L4 ;*0

L = {ℓ1, ℓ2, . . . , ℓz}

,$*(* ℓ1 < ℓ2 < · · · < ℓz4

• %&'() *+$ ;*0 x ∈ {1, 2, . . . , z}4 "# |Aℓj
| ≥

∑ℓj

i=0 bip
i

#'( %.. j ∈

{1, 2, . . . , x}/ 0$*- θ|Aℓx
$%& %- 1-2%(1%-0 &*0 '# &13*

∑ℓx

i=0 bip
i
4

 !""# "# %&'() *+$ @$* +(''# 1& =8 1-)6901'- '- x4

 !"# $%#&' "# x = 1 %-) |Aℓ1 | ≥
∑ℓ1

i=0 bip
i
/ 0$*-

|Aℓ1 | =

ℓ1∑

i=0

aip
i ≥

ℓ1∑

i=0

bip
i.  B!

51-9* ℓ1 1& 0$* &<%..*&0 *.*<*-0 '# 0$* &*0 L )*C-*) 1-  ?!/ 10 #'..',& 0$%0

ai ≥ bi #'( 0 ≤ i ≤ ℓ1 − 1 %-) aℓ1 < bℓ1 4 @$6&  B! 1<+.1*& 0$%0

ℓ1−1∑

i=0

(ai − bi)p
i ≥ (bℓ1 − aℓ1)p

ℓ1

$'.)& ,10$ ai − bi ≥ 0 #'( %.. i = 1, 2, . . . , ℓ1 − 14 D++.81-: ;*<<% E4?

bℓ1 − aℓ1 01<*&/ ,* '=0%1- % &*F6*-9* c0, c1, . . . , cℓ1−1 &69$ 0$%0 0 ≤ ci ≤
(ai − bi) #'( 0 ≤ i ≤ ℓ1 − 1/ %-)

ℓ1−1∑

i=0

cip
i = (bℓ1 − aℓ1)p

ℓ1 .

A', .*0 âi = bi + ci #'( 1 ≤ i ≤ ℓ1 − 1 %-) .*0 âℓ1 = aℓ1 4 @$*-

0 ≤ âi = bi + ci ≤ bi + (ai − bi) = ai
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 !" 1 ≤ i ≤ ℓ1 − 1 #$% &'$(' 0 ≤ âi ≤ ai  !" 0 ≤ i ≤ ℓ1) *!"'!+'"

ℓ1∑

i=0

âip
i =

ℓ1−1∑

i=0

bi
p +

ℓ1−1∑

i=0

cip
i + aℓ1p

ℓ1 =

ℓ1−1∑

i=0

bip
i + (bℓ1 − aℓ1)p

ℓ1 + aℓ1p
ℓ1

#$% &'$('

ℓ1∑

i=0

âip
i =

ℓ1∑

i=0

bip
i.

,&' -./

∑ℓ1
i=0 âip

i
0- 1&' -./ ! 1&' 2'$31&- ! # (!22'(10!$ ! (4(2'- ! 

θ|Aℓ1
5 #$% &'$(' 01 0- 1&' -06' ! #$ 0$+#"0#$1 -'1 ! θ|Aℓ1

) ,&.- θ|Aℓ1
&#-

#$ 0$+#"0#$1 -'1 ! -06'

∑ℓ1
i=0 bip

i
5 #- "'7.0"'%)

 !"#$%&'! (%)*+ 8'1 2 ≤ x ≤ z #$% #--./' 1&#1 0 |Aℓj
| ≥

∑ℓj

i=0 bip
i

 !" #22 j ∈ {1, 2, . . . , x − 1}5 1&'$ θ|Aℓx−1
&#- #$ 0$+#"0#$1 -'1 ! -06'

∑ℓx−1

i=0 bip
i
) 9!: -.;;!-' 1&#1 |Aℓj

| ≥
∑ℓj

i=0 bip
i

 !" #22 j ∈ {1, 2, . . . , x})

,&'$ ('"1#0$24 |Aℓj
| ≥

∑ℓj

i=0 bip
i

 !" #22 j ∈ {1, 2, . . . , x − 1}5 #$% -! <4

1&' 0$%.(10!$ &4;!1&'-0-5 θ|Aℓx−1
&#- #$ 0$+#"0#$1 -'1 ! -06'

∑ℓx−1

i=0 bip
i
)

=4 1&' %'>$010!$ ! L 0$ ?@A5 ai ≥ bi  !" ℓx−1 < i < ℓx) ,&.- θ |Aℓx−1
&#-

#$ 0$+#"0#$1 -'1 ! -06'

∑ℓx−1
i=0 bip

i
) ,&0- 0/;20'- 1&#1 1&'"' 0- # -'7.'$('

! 0$1'3'"- c0, c1, . . . , cℓx−1 -.(& 1&#1 0 ≤ ci ≤ ai  !" 0 ≤ i ≤ ℓx − 15 #$%

ℓx−1∑

i=0

cip
i =

ℓx−1∑

i=0

bip
i. ?BA

C0$(' |Aℓx
| ≥

∑ℓx

i=0 bip
j
5 :' &#+'

ℓx∑

i=0

aip
i ≥

ℓx∑

i=0

bip
i. ?DA

C0$(' ℓx ∈ L5 aℓx
< bℓx

5 -! ?BA #$% ?DA 1!3'1&'" 0/;24 1&#1

ℓx−1∑

i=0

(ai − ci)p
i ≥ (bℓx

− aℓx
)pi.

C0$(' ai − ci ≥ 0  !" 0 ≤ i ≤ ℓx − 15 :' (#$ #;;24 8'//# B)@ bℓx
− aℓx

10/'- 1! !<1#0$ # -'7.'$(' ! $!$E$'3#10+' 0$1'3'"- d0, d1, . . . , dℓx−1 -.(&

1&#1 0 ≤ di ≤ (ai − ci)  !" 0 ≤ i ≤ ℓx − 15 #$%

ℓx−1∑

i=0

dip
i = (bℓx

− aℓx
)pℓx .

9!: 2'1 âi = ci + di  !" 0 ≤ i ≤ ℓx − 1 #$% 2'1 âℓx
= aℓx

) ,&'$ !$' (#$

(&'(F 1&#1 0 ≤ âi ≤ ai  !" 0 ≤ i ≤ ℓx5 #$%

ℓx∑

i=0

âip
i =

ℓx∑

i=0

bip
i.
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 !"#$

∑ℓx

i=0 âip
i
!% &'$ %() *+ &'$ ,$"-&'% *+ . #*,,$#&!*" *+ #/#,$% *+ θ|Aℓx

0

1$ #*"#,(2$ &'.& θ|Aℓx
'.% ." !"3.4!."& %$& *+ %!5$

∑ℓx

i=0 bip
i
0 .% 4$6(!4$27

8$"#$ 9/ &'$ :4!"#!:,$ *+ ).&'$).&!#., !"2(#&!*"0 ;,.!) <= '*,2% +*4

.,, x ∈ {1, 2, . . . , z}7  !"#$% &'(

>*1 .::,/!"- ;,.!) <= 1!&' x = z0 1$ *9%$43$ &'.& %!"#$ |Aℓj
| ≥

∑ℓj

i=0 bip
i

+*4 .,, j ∈ {1, 2, . . . , z}0 θ|Aℓz
'.% ." !"3.4!."& %$& *+ %!5$

∑ℓz

i=0 bip
i
7 ?(& %!"#$ ℓz

!% &'$ ,.4-$%& $,$)$"& *+ L0 θ #*"&.!"% bℓ #/#,$% *+ ,$"-&' pℓ
+*4 .,, ℓ ∈ supp(b)

1!&' ℓz < ℓ ≤ m0 ."2 '$"#$ θ #*"&.!"% ." !"3.4!."& %$& *+ %!5$

∑m

i=0 bip
i = k7

@'!% :4*3$% ;,.!) <7  !"#$% &(

>*1 %(::*%$ &'.& θ ∈ Sym(V ) !% . (q, k)A#*):,$)$"&!"- :$4)(&.&!*" 1!&'

*42$4 . :*1$4 *+ p7 B*4 ." !"&$-$4 j0 ,$& A
j
ℓ 2$"*&$ &'$ %$& *+ $,$)$"&% *+ V

1'!#' ,!$ !" #/#,$% *+ θj
*+ ,$"-&' .& )*%& pℓ

7 >*&$ &'.& A
j
ℓ = Aℓ+a 1'$4$ a !%

&'$ ,.4-$%& !"&$-$4 %(#' &'.& pa
2!3!2$% j7

C+ |Aℓ+r−1| ≥ k[pℓ+1] +*4 .,, ℓ ∈ supp(b)0 &'$" +*4 j = pr−1
1$ '.3$ |Aj

ℓ | =

|Aℓ+r−1| ≥ k[pℓ+1] +*4 .,, ℓ ∈ supp(b)7 8$"#$ ;,.!) < !):,!$% &'.& θj
'.% ."

!"3.4!."& %$& *+ %!5$ k7 ?(& %!"#$ q = pr
0 j = pr−1 6≡ 0 (mod q)0 ."2 %* &'$

+.#& &'.& θj
DE$% . kA%(9%$& *+ V #*"&4.2!#&% F$)). G7<7 H$ #*"#,(2$ &'.&

|Aℓ+r−1| < k[pℓ+1] +*4 %*)$ ℓ ∈ supp(b)0 .% #,.!)$27

I⇐J F$& θ ∈ Sym(V ) 1!&' *42$4 . :*1$4 *+ p ."2 %(::*%$ &'.& &'$4$ !%

ℓ ∈ supp(b) %(#' &'.& |Aℓ+r−1| < k[pℓ+1]7 F$& j 9$ ." !"&$-$4 %(#' &'.&

j 6≡ 0 (mod q)7 @'$" j = pab +*4 !"&$-$4% a ."2 b 1'$4$ 0 ≤ a < r ."2 p

2*$% "*& 2!3!2$ b7 @'(% |Aj
ℓ | = |Aℓ+a| ≤ |Aℓ+r−1| < k[pℓ+1]7 @'!% !):,!$% &'.&

θj
2*$% "*& '.3$ ." !"3.4!."& %$& *+ %!5$ k7  !"#$ j 1.% #'*%$" .49!&4.4!,/0 1$

#*"#,(2$ &'.& Aθj

6= A +*4 .,, j 6≡ 0 (mod q) ."2 .,, A ∈ V (k)
0 ."2 %* K4*:*A

%!&!*" G7< !):,!$% &'.& θ !% . (q, k)A#*):,$)$"&!"- :$4)(&.&!*"7

F$)). G7L ."2 @'$*4$) L7G &*-$&'$4 /!$,2 &'$ +*,,*1!"- #'.4.#&$4!5.&!*" *+

(q, k)A#*):,$)$"&!"- :$4)(&.&!*"%7

!)*)""#*+ ,-,-  !" k #! $ %&'("()! (*"!+!,- .!" q = pr
#! $ %,(/! %&0!,- .!"

b = b(p, k) #! "1! #$'!2p ,!%,!'!*"$"(&* &3 k- $*4 .!" V #! $ 5*("! '!"6 7 %!,2

/8"$"(&* σ ∈ Sym(V ) (' $ (q, k)29&/%.!/!*"(*+ %!,/8"$"(&* (3 $*4 &*.: (3

|σ| = jpi
3&, '&/! (*"!+!,' i $*4 j '891 "1$" i ≥ 1 $*4 gcd(p, j) = 1- $*4

θ = σj
'$"('5!' "1! 9&*4("(&* &3 ;1!&,!/ L7G 3&, '&/! ℓ ∈ supp(b)6

M



 !"!##$"% &'& $() *+, -!().*.!(/ !0 1+,!",2 &'3 -$( 4, 5/,) *! *,/* $ 6,"257

*$*.!( $#8!".*+2.-$##% *! ),*,"2.(, .0 .* ./ $ (q, k)7-!26#,2,(*.(8 6,"25*$*.!('
90 q = pr

./ $ 6".2, 6!:,"; <,22$ 3'&=&> 85$"$(*,,/ *+$* ,?,"% -%-#.-$##%

q7-!26#,2,(*$"% k7+%6,"8"$6+ +$/ $( (q, k)7-!26#,2,(*.(8 6,"25*$*.!( :+.-+
+$/ !")," $ 6!:," !0 p' @,(-, :, -$( 8,(,"$*, $## !0 *+, -%-#.-$##% q7-!26#,2,(7

*$"% k7+%6,"8"$6+/ !0 !")," n; 56 *! ./!2!"6+./2; 4% $66#%.(8 A#8!".*+2 3'3

*! B() Hθ 0!" ,?,"% 6,"25*$*.!( θ .( Sym(n) /$*./0%.(8 *+, -!().*.!(/ !0 1+,7
!",2 &'3' C!",!?,"; .0 :, D5/* :./+ *! 8,(,"$*, $* #,$/* !(, ",6",/,(*$*.?, !0

,$-+  !"#"$%& !# '()!! !0 -%-#.-$##% q7-!26#,2,(*$"% k7+%6,"8"$6+/ !0 !"),"

n; .* /5E-,/ *! $66#% A#8!".*+2 3'3 *! !(, 6,"25*$*.!( θ 0"!2 ,$-+ -!(D58$-%

-#$// !0 6,"25*$*.!(/ .( Sym(n) /$*./0%.(8 *+, -!().*.!(/ !0 1+,!",2 &'3'

 !"#"$$%&' %() $*+#,"(- #.(),-,.($ .( .&)"&

9( *+./ /,-*.!(; :, 6",/,(* (,-,//$"% $() /5E-.,(* -!().*.!(/ !( *+, !")," n

!0 $ -%-#.-$##% q7-!26#,2,(*$"% k7+%6,"8"$6+ :+,( q = pr
./ $ 6".2, 6!:,"'

F.(-, <,22$ 3'&=&> 85$"$(*,,/ *+$* ,?,"% -%-#.-$##% q7-!26#,2,(*$"% k7+%7

6,"8"$6+ +$/ $ (q, k)7-!26#,2,(*.(8 6,"25*$*.!( :.*+ !")," ,G5$# *! $ 6!:,"
!0 p; 1+,!",2 &'3 .22,).$*,#% .26#.,/ *+, 0!##!:.(8 (,-,//$"% $() /5E-.,(*

-!().*.!(/ !( *+, !")," !0 *+,/, /*"5-*5",/'

 !"!##$"% &'(' *+, k )-. n /+ %"! , 0+  -,+1+$!2 k ≤ n2 (+, q = pr
/+ ) %$ #+

%"3+$2 )-. (+, b /+ ,&+ /)!+4p $+%$+!+-,), "- "5 k6 7&+$+ +8 !,! ) '9'( ')((9 q4

'"#%(+#+-,)$9 k4&9%+$1$)%& "5 "$.+$ n  5 )-. "-(9  5 ,&+$+  ! ℓ ∈ supp(b) !:'&

,&),

n[pℓ+r] < k[pℓ+1]. =H>

 !"!##$"% &')' *+, k )-. n /+ %"! , 0+  -,+1+$!2 k ≤ n2 (+, p /+ ) %$ #+2 )-. (+,

b /+ ,&+ /)!+4p $+%$+!+-,), "- "5 k6 7&+$+ +8 !,! ) '9'( ')((9 p4'"#%(+#+-,)$9

k4&9%+$1$)%& "5 "$.+$ n  5 )-. "-(9  5

n[pℓ+1] < k[pℓ+1] 5"$ !"#+ ℓ ∈ supp(b).

*"!!+, F,* q = p1
.(  !"!##$"% I'J' 1+,( r = 1 $() /! *+, !(#% -+!.-, 0!"

a ∈ {0, 1, . . . , r − 1} ./ a = 0' 1+5/ *+,", ,K./*/ $ -%-#.-$##% p7-!26#,2,(*$"%

k7+%6,"8"$6+ .0 $() !(#% .0 -!().*.!( =H> +!#)/ :.*+ a = 0 0!" /!2, ℓ ∈ supp(b)'

L+,( *+, "$(M k ./ :.*+.( p − 1 !0 $ 25#*.6#, !0 $ 6!:," !0 $ 6".2, p;

*+,(  !"!##$"% I'3 %.,#)/ *+, 0!##!:.(8 2!", *"$(/6$",(* (,-,//$"% $() /5E-.,(*

-!().*.!(/ !( *+, !")," !0 $ -%-#.-$##% p7-!26#,2,(*$"% k7+%6,"8"$6+'

 !"!##$"% &'-' *+, ℓ /+ ) %"! , 0+  -,+1+$ )-. (+, p /+ %$ #+6
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 ! "# k = bℓp
ℓ
#$% 0 < bℓ < p& '()* '()%) )+,-'- . /0/1,/.110 p2/$341)3)*'.%0

k2(04)%5%.4( $# $%6)% n ,# .*6 $*10 ,# n[pℓ+1] < k!

7! "# k = bℓp
ℓ + b0 8()%) 0 < b0, bℓ < p& '()* '()%) )+,-'- . /0/1,/.110 p2/$32

41)3)*'.%0 k2(04)%5%.4( $# $%6)% n ,# .*6 $*10 ,# n[p] < b0 $% n[pℓ+1] < k!

 !""#$

 ! "# $%&' ()'* supp(b) = {ℓ}+ )#, '- .-/-00)/1 2!3 &450&*' $%)$ $%*/* *6&'$'

) (1(0&()001 p7(-450*4*#$)/1 k7%15*/8/)5% -9 -/,*/ n &9 )#, -#01 &9

n[pℓ+1] < k[pℓ+1]. :;<

=&#(* k = bℓp
ℓ < pℓ+1

+ k[pℓ+1] = k+ )#, '- :;< &' *>?&@)0*#$ $- n[pℓ+1] < k!

3! "# $%&' ()'* supp(b) = {0, ℓ} )#, '- .-/-00)/1 2!3 &450&*' $%)$ $%*/* *67

&'$' ) (1(0&()001 p7(-450*4*#$)/1 k7%15*/8/)5% -9 -/,*/ n &9 )#, -#01 &9

n[p] < k[p] -/ n[pℓ+1] < k[pℓ+1]! =&#(* k = bℓp
ℓ+b0+ k[p] = b0 )#, k[pℓ+1] = k+

$%* /*'?0$ 9-00-A'!

"# $%* ()'* A%*/* k =
∑s

i=0(p − 1)pℓ+i
9-/ ) #-##*8)$&@* &#$*8*/ s+ $%* (-#,&7

$&-# -9 .-/-00)/1 2!3 %-0,' 9-/ $%* 0)/8*'$ &#$*8*/ &# $%* '?55-/$ -9 $%* B)'*7p

/*5/*'*#$)$&-# -9 k+ )' $%* #*6$ /*'?0$ '%-A'!

%"!"&&'!( )*)* 9)' r, s .*6 ℓ :) *$**)5.',;) ,*')5)%-& 1)' p :) 4%,3)& .*6

-<44$-) '(.' k =
∑s

i=0(p − 1)pℓ+i
! =()* '()%) )+,-'- . /0/1,/.110 p2/$341)3)*2

'.%0 k2(04)%5%.4( $# $%6)% n ,# .*6 $*10 ,# n[pℓ+s+1] < k!

 !""#$ =?55-'* $%)$ $%*/* *6&'$' ) (1(0&()001 p7(-450*4*#$)/1 k7%15*/8/)5%

-9 -/,*/ n+ )#, 0*$ b B* $%* B)'*7p /*5/*'*#$)$&-# -9 k! C%*#

supp(b) = {ℓ, ℓ + 1, . . . , ℓ + s},

)#, '- .-/-00)/1 2!3 8?)/)#$**' $%)$

n[pℓ+j+1] < k[pℓ+j+1], :D<

9-/ '-4* j ∈ {0, 1, 2, . . . , s}! "9 :D< %-0,' 9-/ '-4* j < s+ $%*# $%* 9)($ $%)$

n[pℓ+(j+1)+1] ≤ (p − 1)pℓ+j+1 + n[pℓ+j+1]

&450&*' $%)$

n[pℓ+(j+1)+1] < (p − 1)pℓ+j+1 + k[pℓ+j+1]. :E<

F-A '&#(* (p − 1)pℓ+j+1 + k[pℓ+j+1] = (p − 1)pℓ+j+1 +
∑j

i=0(p − 1)pℓ+i =
k[pℓ+(j+1)+1]+ :E< &450&*' $%)$

n[pℓ+(j+1)+1] < k[pℓ+(j+1)+1],
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 !" #$!%$ &'(  )*+ #+)"* ,+- j + 1. /#0*1 23 4!"0%54+! +! j1 5#$ , %5 5# 5

&'( #+)"* ,+- *+6$ j ∈ {0, 1, . . . , s} 467)4$* 5# 5 &'( #+)"* ,+- j = s. 8$!%$

n[pℓ+s+1] < k[pℓ+s+1] = k.

9+!:$-*$)31 9+-+)) -3 ;.< =0 - !5$$* 5# 5 5#$-$ $>4*5*  %3%)4% ))3 p?%+6?

7)$6$!5 -3 k?#37$-=- 7# +, +-"$- n ,+- $:$-3 4!5$=$- n *0%# 5# 5 n[pℓ+s+1] <

k[pℓ+s+1] = k.

 !"!##$"% &'('  ! k = pℓ − 1" #$%& #$%'% %()*#* + ,-,.),+..- p/,012.%1%&#+'-

k/$-2%'3'+2$ )! +&4 0&.- )! n[pℓ] < k5

)"!!*+ @4!%$ k =
∑ℓ−1

i=0(p−1)pi
1 5#$ -$*0)5 ,+))+A* "4-$%5)3 ,-+6 9+-+)) -3 ;.;.

 !"#$%&'()*(+($,
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