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V (X ′) 0!15! 1)*<5"' ( 31;"5%1,) -$,= E(X) %, E(X ′)6 >- '<5! () 1',=,$/!1'=
"&1'%'4 %!" !./"$+$(/!' X ()* X ′

($" '(1* %, 3" %&'('!#$%)6  !" )'(#*+(+,-

XC
,- ( k9!./"$+$(/! X = (V,E) 1' %!" !./"$+$(/! 01%! #"$%"& '"% V ()* "*+"

'"% V (k)\E6 : k9!./"$+$(/!X 1' 5(22"* &+*./)'(#*+(+,-"!0 1- 1% 1' 1',=,$/!15 %,
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X = (V,E) ()* 1%' 5,=/2"=")% XC
1' 5(22"* () ",-%('!#$%&( ,- X6  !" '"% ,-

(22 ()%1=,$/!1'=' ,- X 0122 3" *"),%"* 3. Ant(X)6
:) ()%1=,$/!1'= ,- ( '"2-95,=/2"=")%($. k9!./"$+$(/! 1' (2', 5(22"* ( k/

)'(#*+(+,-%, #+!(1-"-%',4 ()* 0" !(#" %!" -,22,01)+ )(%<$(2 5!($(5%"$1?(%1,)6

 !"#"$%&%"' ()() *+, 2+- V 3+ " 4,%-+ &+-5 *+- k 3+ " #'&%-%6+ %,-+ +!5 ",7 *+-

θ ∈ Sym(V )8 9$+, -$+ .'**':%, -$!++ &-"-+(+,-& "!+ +;1%6"*+,-<

=8 θ %& " k/)'(#*+(+,-%, #+!(1-"-%',8

>8 Aθj

6= A5 .'! "** A ∈ V (k)
5 .'! "** j '778

?8 9$+ &+;1+,)+ A,Aθ, Aθ2

, Aθ3

, . . . $"& +6+, *+, -$5 .'! "** A ∈ V (k)
8

@,)*1%1,)' A8B ()* ACB ,- D$,/,'1%1,) E6E *"/")* ")%1$"2. ,) %!" 5.52" 2")+%!'

1) %!" *1';,1)% 5.52" *"5,=/,'1%1,) ,- θ6 F,;*( GHI +(#" %!" -,22,01)+ 5!($(59

%"$1?(%1,) ,- %!" k95,=/2"=")%1)+ /"$=<%(%1,)' 1) Sym(n)6

-./"!/0 ()1) 23"456 *+,7 2+- k,m ",7 n 3+ #'&%-%6+ %,-+ +!&5 *+- V 3+ " 4,%-+

&+-5 |V | = n5 ",7 *+- σ ∈ Sym(V ) :%-$ '!3%-& O1,O2, . . . ,Om8 2+- 2qi(2si + 1)
7+,'-+ -$+ )"!7%,"*%-0 '. -$+ '!3%- Oi5 .'! i = 1, 2, . . . ,m8 9$+ #+!(1-"-%', σ

%& " k/)'(#*+(+,-%, #+!(1-"-%', %. ",7 ',*0 %.5 .'! +6+!0 ℓ ∈ {1, 2, . . . , k} ",7

.'! +6+!0 7+)'(#'&%-%',

k = k1 + k2 + · · · + kℓ

'. k5 :$+!+ kj = 2pj (2rj + 1) .'! ,',,+ "-%6+ %,-+ +!& pj , rj5 .'! j = 1, 2, . . . , ℓ5

",7 .'! +6+!0 &13&+;1+,)+ '. '!3%-&

Oi1 ,Oi2 , . . . ,Oiℓ

&1)$ -$"- kj ≤ |Oij
| .'! j = 1, 2, . . . , ℓ5 -$+!+ %& " &13&)!%#- j0 ∈ {1, 2, . . . , ℓ}

&1)$ -$"- pj0 < qij0
8

>)  !",$"= 868 0" +1#" ( =,$" %$()'/($")% 5!($(5%"$1?(%1,) ,- %!" 5.52"

%./"' ,- k95,=/2"=")%1)+ /"$=<%(%1,)' 0!15! !(#" ,$*"$ "J<(2 %, ( /,0"$ ,- 84

()* @,$,22($. 86K '!,0' !,0 0" 5() <'" 1% %, %"'% 0!"%!"$ ( L)1%" /"$=<%(%1,)

1' ( k95,=/2"=")%1)+ /"$=<%(%1,)6 >) M"5%1,) K4 0" <'" %!" 5!($(5%"$1?(%1,) ,-

 !",$"= 868 %, ,3%(1) () (2+,$1%!= -,$ +")"$(%1)+ (22 ,- %!" '"2-95,=/2"=")%($.

k9!./"$+$(/!' ,- ,$*"$ n4 </ %, 1',=,$/!1'=4 -,$ -"('132" n6

>) 8NNO4 M?.=(P'Q1 ()* F,;*( GRI ',2#"* %!" /$,32"= ,- %!" "&1'%")5" ,- (

'"2-95,=/2"=")%($. k9!./"$+$(/! ,- ,$*"$ n6

8



 !"#$"% &'(' )*+  !" k #$% n &! '()*"*+! *$"!,!-) )./0 "0#" k ≤ n1 2 )!345

/(6'3!6!$"#-7 k5.$*4(-6 07'!-,-#'0 (4 (-%!- n !8*)") *4 #$% ($37 *4

(

n
k

)

*) !+!$1

 ! "#$%&'! () *# +&,# -! -.%#/!-%&,# 0#1$/&2%&'! '3 %4# $'!0&%&'! %4-%

(

n
k

)

&1

#,#!) &! %#/51 '3 %4# 6&!-/7 /#2/#1#!%-%&'! '3 k 81## 9'/'..-/7 (:;<: =4&1 7&#.01

5'/# %/-!12-/#!% $'!0&%&'!1 '! %4# '/0#/ '3 - 1#.3>$'52.#5#!%-/7 k>472#/+/-24

*4#! %4# /-!? k &1 - 1@5 '3 $'!1#$@%&,# 2'*#/1 '3 ;:

 !"#$% $%&'()* +, -&(./+01).*/*

=4#'/#5 ;:; +&,#1 - $4-/-$%#/&A-%&'! '3 %4# $7$.# %72#1 '3 -!%&5'/24&151 '3

k>472#/+/-241 *4&$4 4-,# '/0#/ #B@-. %' - 2'*#/ '3 ;) &! %#/51 '3 %4# 6&!-/7

/#2/#1#!%-%&'! '3 k: =4&1 7&#.01 -! -.%#/!-%&,# 0#1$/&2%&'! '3 %4# !#$#11-/7 -!0

1@C$&#!% $'!0&%&'!1 '3 =4#'/#5 D:(: E# *&.. 5-?# @1# '3 %4# 3'..'*&!+ %#$4!&$-.

.#55- %' 2/',# =4#'/#5 ;:;:

,"%%- .'&'  !" ℓ #$% x &! '()*"*+! *$"!,!-)9 :0!-! x ≥ 21  !" a0, a1, . . . , aℓ−1
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j
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∑
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6 ;3&" θ !( #
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C%/

L = {ℓ ∈ supp(b) : θ -!%) 0!/ <!0/(,0 ( <8<6% ! 6%07/2 2ℓ}. >D?

.2%0 V = Aℓ ∪Bℓ  !" (66 ℓ ∈ L# A/ "%3(,0) /! )2!5 /2(/ |Aℓ| < k[2ℓ+1]  !" )!3%

ℓ ∈ L#

@+11!)% /! /2% <!0/"("8 /2(/ |Aℓ| ≥ k[2ℓ+1]  !" (66 ℓ ∈ L# :",/% |Aℓ| =
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i
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∑ℓ
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 !"#$% &' ($$#)*+,-.% |Aℓ| ≥
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/-0 (11 ℓ ∈ L 2#**-$3

L = {ℓ1, ℓ2, . . . , ℓt} 4"303 ℓ1 < ℓ2 < · · · < ℓt 

•  !"#$ %& 53+ x ∈ {1, 2, . . . , t} 6/ |Aℓj
| ≥

∑ℓj

i=0 bi2
i
/-0 (11 j ∈ {1, 2, . . . , x}%

+"3. θ|Aℓx
"($ (. ,.7(0,(.+ $3+ -/ $,83

∑ℓx

i=0 bi2
i
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i=0 ai2

i = |Aℓj
|% /-0 j = 1, 2, . . . , t <1$-% /-0 (.' $3=#3.:3 -/ ,.+3>

?30$ â0, â1, . . . , âℓj−1 $#:" +"(+ 0 ≤ âi ≤ ai /-0 0 ≤ i ≤ ℓj − 1% +"3 $#)

∑ℓj−1
i=0 âi2

i
,$ +"3 $#) -/ +"3 13.?+"$ -/ ( :-113:+,-. -/ :':13$ -/ θ|Aℓj

% (.9

"3.:3 ,+ ,$ +"3 $,83 -/ (. ,.7(0,(.+ $3+ -/ θ|Aℓj
 @-.730$31'% (.' ,.7(0,(.+

$3+ S -/ θ|Aℓj
:-003$*-.9$ +- ( :-113:+,-. -/ :':13$ -/ θ|Aℓj

4"-$3 13.?+"$

$#) +- |S|% (.9 "3.:3 +"303 3A,$+$ ( $3=#3.:3 -/ ,.+3?30$ â0, â1, . . . , âℓj−1

$#:" +"(+ 0 ≤ âi ≤ ai /-0 0 ≤ i ≤ ℓj − 1% (.9 |S| =
∑ℓj−1

i=0 âi2
i
 

 !"# $%#&' 6/ x = 1 (.9 |Aℓ1 | ≥
∑ℓ1

i=0 bi2
i
% +"3.

|Aℓ1 | =

ℓ1−1
∑

i=0

ai2
i ≥

ℓ1
∑

i=0

bi2
i. BCD

E' +"3 93F.,+,-. -/ L ,. BGD% ,+ /-11-4$ +"(+ ai ≥ bi /-0 0 ≤ i ≤ ℓ1 − 1 

H3.:3 BCD ,)*1,3$ +"(+

ℓ1−1
∑

i=0

(ai − bi)2
i ≥ 2ℓ1

"-19$ 4,+" ai−bi ≥ 0 /-0 (11 i = 1, 2, . . . , ℓ1−1 !"#$ &' 53))( C G% +"303

,$ ( $3=#3.:3 c0, c1, . . . , cℓ1−1 $#:" +"(+ 0 ≤ ci ≤ (ai−bi) /-0 0 ≤ i ≤ ℓ1−1%

(.9

ℓ1−1
∑

i=0

ci2
i = 2ℓ1 .

I-4 13+ âi = bi + ci !"3.

0 ≤ âi = bi + ci ≤ bi + (ai − bi) = ai

(.9 "3.:3

0 ≤ âi ≤ ai

/-0 0 ≤ i ≤ ℓ1 − 1% (.9

ℓ1−1
∑

i=0

âi2
i =

ℓ1−1
∑

i=0

bi2
i +

ℓ1−1
∑

i=0

ci2
i =

ℓ1−1
∑

i=0

bi2
i + 2ℓ1 =

ℓ1
∑

i=0

bi2
i.

!"#$ θ|Aℓ1
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∑ℓ1
i=0 bi2

i
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 !"#$%&'! (%)*+  !" 2 ≤ x ≤ t #$% #&&'(! ")#" *+ |Aℓj
| ≥

∑ℓj

i=0 bi2
i

+,- #.. j ∈ {1, 2, . . . , x − 1}/ ")!$ θ|Aℓx−1
)#& #$ *$0#-*#$" &!" ,+ &*1!

∑ℓx−1

i=0 bi2
i
2 3,4 &'55,&! ")#" |Aℓj

| ≥
∑ℓj

i=0 bi2
i
+,- #.. j ∈ {1, 2, . . . , x}2

6)!$ 7!-"#*$.8 |Aℓj
| ≥

∑ℓj

i=0 bi2
i
+,- #.. j ∈ {1, 2, . . . , x − 1}/ #$% &, 98

")! *$%'7"*,$ )85,")!&*&/ θ|Aℓx−1
)#& #$ *$0#-*#$" &!" ,+ &*1!

∑ℓx−1

i=0 bi2
i
2

6)*& *(5.*!& ")#" ")!-! *& # &!:'!$7! ,+ *$"!;!-& c0, c1, . . . , cℓx−1−1 &'7)

")#" 0 ≤ ci ≤ ai +,- 0 ≤ i ≤ ℓx−1 − 1/ #$%

ℓx−1−1
∑

i=0

ci2
i =

ℓx−1
∑

i=0

bi2
i. <=>

?*$7! |Aℓx
| ≥

∑ℓx

i=0 bi2
j
/ 4! )#0!

ℓx−1
∑

i=0

ai2
i ≥

ℓx
∑

i=0

bi2
i. <@>

?*$7! ℓx−1 ∈ L/ aℓx−1
= 0/ &, <@> *(5.*!& ")#"

|Aℓx
| =

ℓx−1
∑

i=0

ai2
i =

ℓx−1−1
∑

i=0

ai2
i +

ℓx−1
∑

i=ℓx−1+1

ai2
i ≥

ℓx
∑

i=0

bi2
i.

A!$7! 98 <=>/ 4! )#0!

ℓx−1−1
∑

i=0

(ai − ci)2
i +

ℓx−1
∑

i=ℓx−1+1

ai2
i ≥

ℓx
∑

i=ℓx−1+1

bi2
i.

6)*& *(5.*!& ")#"

ℓx−1−1
∑

i=0

(ai − ci)2
i +

ℓx−1
∑

i=ℓx−1+1

(ai − bi)2
i ≥ 2ℓx . <B>

C8 ")! %!D$*"*,$ ,+ L *$ <E>/ 4! )#0! ai − bi ≥ 0 +,- ℓx−1 + 1 ≤ i ≤
ℓx − 12 F.&,/ ai − ci ≥ 0 +,- 0 ≤ i ≤ ℓx−1 − 12 6)'& <B> #$%  !((# G2E
;'#-#$"!! ")#" ")!-! !H*&"& # &!:'!$7! ,+ *$"!;!-& d0, d1, . . . , dℓx−1 &'7)

")#" 0 ≤ di ≤ (ai − ci) +,- 0 ≤ i ≤ ℓx−1 − 1/ dℓx−1
= 0/ 0 ≤ di ≤ (ai − bi)

+,- ℓx−1 + 1 ≤ i ≤ ℓx − 1/ #$%

ℓx−1
∑

i=0

di2
i = 2ℓx .

3,4 %!D$! # &!:'!$7! ,+ *$"!;!-& â0, â1, . . . , âℓx−1 98

âi =











ci + di, *+ 0 ≤ i ≤ ℓx−1 − 1

0, *+ i = ℓx−1

bi + di, *+ ℓx−1 + 1 ≤ i ≤ ℓx − 1

.

I



 !"# $#" %&# %!"%' (!&( 0 ≤ âi ≤ ai )$* 0 ≤ i ≤ ℓx − 1+ &#,

ℓx−1
∑

i=0

âi2
i =

ℓx
∑

i=0

bi2
i.

 !-. θ|Aℓx
!&. &# /#0&*/&#( ."( $) ./1"

∑ℓx

i=0 bi2
i
+ &. *"2-/*",3

4"#%" 56 7&(!"7&(/%&8 /#,-%(/$#+ 98&/7 : !$8,. )$* &88 x ∈ {1, 2, . . . , t}3

;$< &==86/#> 98&/7 : </(! x = t+ <" $5."*0" (!&( |Aℓj
| ≥

∑ℓj

i=0 bi2
i
)$* &88

j ∈ {1, 2, . . . , t}3 4"#%" θ|Aℓt
!&. &# /#0&*/&#( ."( $) ./1"

∑ℓt

i=0 bi2
i
3 ?-( ./#%"

ℓt /. (!" 8&*>".( "8"7"#( $) L+ θ|Bℓt
@&#, !"#%" θA %$#(&/#. & %6%8" $) 8"#>(!

2ℓ
)$* &88 ℓ ∈ supp(b) </(! ℓt < ℓ ≤ m+ &#, !"#%" θ %$#(&/#. &# /#0&*/&#( ."(

$) ./1"

∑m

i=0 bi2
i = k3  !/. %$#(*&,/%(. (!" )&%( (!&( θ /. & kB%$7=8"7"#(/#>

="*7-(&(/$#3

C" %$#%8-," (!&( )$* .$7" j ∈ {1, 2, . . . , t}+ |Aℓj
| <

∑ℓj

i=0 bi2
i
3 D$* (!/. j+

."( ℓ = ℓj 3  !"# ℓ ∈ supp(b) &#, |Aℓ| < k[2ℓ+1]+ &. *"2-/*",3

@⇐A E"( θ ∈ Sym(V ) </(! $*,"* & =$<"* $) F &#, .-==$." (!&(+ )$* .$7"
ℓ ∈ supp(b)+ V = Aℓ ∪ Bℓ &#, |Aℓ| < k[2ℓ+1]3  !/. /7=8/". (!&( θ ,$". #$( !&0"

&# /#0&*/&#( ."( $) ./1" k3 G$*"$0"*+ ./#%" (!" $*,"* $) θ /. & =$<"* $) F+ )$*

"&%! $,, /#(">"* j+ θj
!&. (!" .&7" %6%8" (6=" &. θ+ &#, !"#%" θj

&8.$ !&. #$

/#0&*/&#( ."( $) ./1" k3 4"#%" Aθj

6= A )$* &88 $,, /#(">"*. j &#, &88 A ∈ V (k)
+

&#, .$ H*$=$./(/$# I3I /7=8/". (!&( θ /. & kB%$7=8"7"#(/#> ="*7-(&(/$#3

 !""# $%&%  !" V #! $ %&'"! (!") $&* +!" s #! $& '&"!,!-. / 0!-12"$"'3&

θ ∈ Sym(V ) '( $ k45310+!1!&"'&, 0!-12"$"'3& '6 $&* 3&+7 '6 θ2s+1
'( $ k4

5310+!1!&"'&, 0!-12"$"'3&.

'())*+ J) θ ∈ Sym(V ) /. & kB%$7=8"7"#(/#> ="*7-(&(/$#+ (!"# θ ∈ Ant(X)
)$* .$7" ."8)B%$7=8"7"#(&*6 kB!6="*>*&=! X = (V, E)+ &#, .$ θ /. & 5/K"%(/$#

)*$7 E ($ EC
&#, & 5/K"%(/$# )*$7 EC

($ E3 J( )$88$<. (!&( θ2s+1 ∈ Ant(X)3
9$#0"*."86+ .-==$." (!&( θ2s+1

/. & kB%$7=8"7"#(/#> ="*7-(&(/$#3  !"#

H*$=$./(/$# I3I >-&*&#("". (!&( "&%! $*5/( $) θ2s+1
$# V (k)

!&. "0"# %&*,/#&8B

/(63 L5."*0" (!&( "&%! $*5/( $) θ2s+1
$# V (k)

/. %$#(&/#", /# &# $*5/( $) θ $#

V (k)
3 :8.$+ "0"*6 kB.-5."( /# &# $*5/( $) θ $# V (k)

7-.( %"*(&/#86 8/" /# &#

$*5/( $) θ2s+1
$# V (k)

3 M/#%" (!" $*5/(. $) θ2s+1
$# V (k)

&*" =&/*</." ,/.K$/#(+

/( )$88$<. (!&( "0"*6 $*5/( $) θ $# V (k)
/. & -#/$# $) =&/*</." ,/.K$/#( $*5/(. $)

θ2s+1
$# V (k)

+ "&%! $) <!/%! !&. "0"# %&*,/#&8/(63 4"#%" "0"*6 $*5/( $) θ $#

V (k)
!&. "0"# %&*,/#&8/(6+ &#, .$ 56 H*$=$./(/$# I3I+ θ /. & kB%$7=8"7"#(/#>

="*7-(&(/$#3

D$* & ="*7-(&(/$# θ $# & ."( V + (!" .675$8 |θ| ,"#$(". (!" $*,"* $) θ /#

Sym(V )3 E"77& F3N &#,  !"$*"7 F3F ($>"(!"* 6/"8, (!" )$88$</#> %!&*&%("*/B

1&(/$# $) kB%$7=8"7"#(/#> ="*7-(&(/$#.3

O



 !"!##$"% &'('  !" k #! $ %&'("()! (*"!+!,- .!" b #! "/! #(*$,0 ,!%,!'!*"$"(&* &1

k- $*2 .!" V #! $ 3*("! '!"4 5 %!,67"$"(&* σ ∈ Sym(V ) (' $ k89&6%.!6!*"(*+

%!,67"$"(&* (1 $*2 &*.0 (1 |σ| = 2i(2t + 1) 1&, '&6! (*"!+!,' t, i '79/ "/$" i ≥ 1
$*2 t ≥ 0- $*2 θ = σ2t+1

'$"('3!' "/! 9&*2("(&*' &1 :/!&,!6  ! 1&, '&6!

ℓ ∈ supp(b)4

"#$#%%&$'  !( &)* +,- .#)*/+/#)0 #1 2,-#$-3  ! .&) 4- 50-* +# +-0+ & 6-$7

35+&+/#) &%8#$/+,3/.&%%' +# *-+-$3/)- /1 /+ /0 & k7.#36%-3-)+/)8 6-$35+&+/#)!

 !"#"$$%&' %() $*+#,"(- #.(),-,.($ .( .&)"&

9) +,/0 0-.+/#): ;- 6$-0-)+ &) &%+-$)&+/<- *-0.$/6+/#) #1 +,- )-.-00&$' &)* 05=7

./-)+ .#)*/+/#) #) +,- #$*-$ n #1 & 0-%17.#36%-3-)+&$' k7,'6-$8$&6, #1 2,-#7

$-3 >!?!

)*++$ ,'-' 5 '!.189&6%.!6!*"$,0 k8/0%!,+,$%/ /$' $* $*"(6&,%/('6 ;/&'!

&,2!, (' !<7$. "& $ %&;!, &1 =4

."!!/0 @-+ X 4- & 0-%17.#36%-3-)+&$' k7,'6-$8$&6,: &)* %-+ θ ∈ Ant(X)!
A$#6#0/+/#) >!> 85&$&)+--0 +,&+ θ ,&0 -<-) #$*-$: 0# |θ| = 2zs 1#$ 0#3- 6#0/+/<-

/)+-8-$ z &)* 0#3- #** /)+-8-$ s! B/).- s /0 #**: θs ∈ Ant(X): &)* θs
,&0 #$*-$

-C5&% +# & 6#;-$ #1  !

@-33& ?!> &)* 2,-#$-3  ! /33-*/&+-%' /36%' +,- 1#%%#;/)8 )-.-00&$' &)*

05=./-)+ .#)*/+/#)0 #) +,- #$*-$ #1 & 0-%17.#36%-3-)+&$' 5)/1#$3 ,'6-$8$&6,

#1 $&)D k!

 !"!##$"% ,'&'

 !" k $*2 n #! %&'("()! (*"!+!,'- k ≤ n- $*2 .!" b #! "/! #(*$,0 ,!%,!'!*"$"(&*

&1 k4 :/!,! !>('"' $ '!.189&6%.!6!*"$,0 k8/0%!,+,$%/ &1 &,2!, n (1 $*2 &*.0 (1

n[2ℓ+1] < k[2ℓ+1] 1&, '&6! ℓ ∈ supp(b). EFG

9) @-33& H!> /+ /0 0,#;) */$-.+%' +,&+ .#)*/+/#) EFG /0 -C5/<&%-)+ +# +,- .#)*/7

+/#) +,&+

(

n
k

)

/0 -<-)!

I,-) k = 2ℓ
#$ k = 2ℓ + 1: "#$#%%&$' ?! '/-%*0 +,- 1#%%#;/)8 $-05%+!

 !"!##$"% ,','  !" ℓ #! $ %&'("()! (*"!+!,4

?4 @1 k = 2ℓ
- "/!* "/!,! !>('"' $ '!.189&6%.!6!*"$,0 k8/0%!,+,$%/ &1 &,2!, n

(1 $*2 &*.0 (1 n[2ℓ+1] < k4

=4 @1 k = 2ℓ +1- "/!* "/!,! !>('"' $ '!.189&6%.!6!*"$,0 k8/0%!,+,$%/ &1 &,2!,

n (1 $*2 &*.0 (1 n (' !)!* &, n[2ℓ+1] < k4

J



 !" #$%&'(#) *!"!((%"+ ,-, ./%/#. /0%/ /0#"# #$1./. % .#(234!&'(#&#5/%"+

6"%'0 !2 !"7#" n 12 %57 !5(+ 12 n ≡ 0 !" 1 (mod 4)) /0#.# #$1./. % .#(234!&3
'(#&#5/%"+ 330+'#"6"%'0 !2 !"7#" n 12 %57 !5(+ 12 n ≡ 0, 1, !" 2 (mod 4))
%57 /0#"# #$1./. % .#(234!&'(#&#5/%"+ 830+'#"6"%'0 !2 !"7#" n 12 %57 !5(+ 12

n ≡ 0, 1, 2 !" 3 (mod 8)-
95 /0# 4%.# :0#"# k 1. % .;& !2 4!5.#4;/1<# '!:#". !2 =) /0# 4!571/1!5 !2

*!"!((%"+ ,-= 0!(7. 2!" /0# (%"6#./ 15/#6#" 15 /0# .;''!"/ !2 /0# >15%"+ "#'"#.#53

/%/1!5 !2 k) %. /0# 5#$/ "#.;(/ .0!:.-

 !"!##$"% &'('  !" r #$% ℓ &! $'$$!(#")*! )$"!(!+,- #$% ,.//',! "0#" k =
∑r

i=0 2ℓ+i
1 20!$ "0!+! !3),", # ,!4567'8/4!8!$"#+9 k609/!+(+#/0 '5 '+%!+ n )5

#$% '$49 )5 n[2ℓ+r+1] < k1

)"!!*+ ?;''!.# /0%/ /0#"# #$1./. % .#(234!&'(#&#5/%"+ k30+'#"6"%'0 !2 !"7#"

n) %57 (#/ b ># /0# >15%"+ "#'"#.#5/%/1!5 !2 k- @0#5

supp(b) = {ℓ, ℓ + 1, . . . , ℓ + r},

%57 .! *!"!((%"+ ,-= 6;%"%5/##. /0%/

n[2ℓ+j+1] < k[2ℓ+j+1], ABC

2!" .!&# j ∈ {0, 1, 2, . . . , r}- 92 ABC 0!(7. 2!" .!&# j < r) /0#5 /0# 2%4/ /0%/

n[2ℓ+(j+1)+1] ≤ 2ℓ+j+1 + n[2ℓ+j+1]

1&'(1#. /0%/

n[2ℓ+(j+1)+1] < 2ℓ+j+1 + k[2ℓ+j+1]. ADC

E!: .154# 2ℓ+j+1 + k[2ℓ+j+1] = 2ℓ+j+1 +
∑j

i=0 2ℓ+i = k[2ℓ+(j+1)+1]) ADC 1&'(1#.

/0%/

n[2ℓ+(j+1)+1] < k[2ℓ+(j+1)+1],

%57 0#54# ABC %(.! 0!(7. 2!" j + 1- @0;.) >+ 157;4/1!5 !5 j) /0# 2%4/ /0%/

ABC 0!(7. 2!" .!&# j ∈ {0, 1, . . . , r} 1&'(1#. /0%/ ABC 0!(7. 2!" j = r- F#54#

n[2ℓ+r+1] < k[2ℓ+r+1] = k-

*!5<#".#(+) *!"!((%"+ ,-= 6;%"%5/##. /0%/ /0#"# #$1./. % .#(234!&'(#&#5/%"+

k30+'#"6"%'0 !2 !"7#" n 2!" #<#"+ 15/#6#" n .;40 /0%/ n[2ℓ+r+1] < k[2ℓ+r+1] =
k-

 !"!##$"% &','  !" ℓ &! # /',)")*! )$"!(!+ #$% ,.//',! "0#" k = 2ℓ − 11 20!+!
!3),", # ,!4567'8/4!8!$"#+9 k609/!+(+#/0 '5 '+%!+ n )5 #$% '$49 )5 n[2ℓ] < k1

)"!!*+ ?154# k = 2ℓ−1 =
∑ℓ−1

i=0 2i
) /01. 2!((!:. 71"#4/(+ 2"!& *!"!((%"+ ,-8-

G



 !"#"$%&'#( )"*+,-./0*"/"#&%$1 210"$($%02)

 ! "#$$ %!&'(#)! * &#+,$! *$-.(#/0+ "0#'0 /*1!& * k2'.+,$!+!3/#3- ,!(+42

/*/#.3 #3 Sym(V ) *& #3,4/5 *3% (!/4(3& /0! &!/ Hθ .6 *$$ &!$62'.+,$!+!3/*(7

k207,!(-(*,0& X .3 V /0*/ 0*8! θ *& *3 *3/#+.(,0#&+9 :0#& *$-.(#/0+ "*&

,(!8#.4&$7 %!&'(#)!% )7 ;*'0& <=> *3% ?#3-!$ <@> 6.( k = 25 )7 ;4,(43!31. <A>

6.( k = 2, 35 *3% )7 ;B7+*C&1# <D> 6.( k = 3, 49 E(.+ !*'0 .()#/ A,Aθ, Aθ2

, . . .

.6 θ .3 V (k)
5 "! !#/0!( /*1! /0! *$/!(3*/#3- k2&!/& A,Aθ2

, Aθ4

, . . . 6.( X5 .( /0!

*$/!(3*/#3- k2&!/& Aθ, Aθ3

, Aθ5

, . . . 6.( X9 :0!3 "#/0#3 !*'0 .()#/5 θ +*,& !%-!&

.6 X .3/. 3.32!%-!& .6 X5 *3% 8#'!28!(&*9 F6 /0!(! *(! m .()#/& .6 θ .3 V (k)
5

"! '*3 4&! /0#& +!/0.% /. -!3!(*/! /0! &!/ Hθ .6 *$$ 2
m
&!$62'.+,$!+!3/*(7 k2

07,!(-(*,0& .3 V 6.( "0#'0 θ #& *3 *3/#+.(,0#&+9 G!++* H9I -4*(*3/!!& /0*/

!8!(7 &!$62'.+,$!+!3/*(7 k207,!(-(*,0& 0*& *3 *3/#+.(,0#&+ "0#'0 0*& .(%!( *

,."!( .6 J5 *3% &. "! '*3 -!3!(*/! *$$ .6 /0! &!$62'.+,$!+!3/*(7 k207,!(-(*,0&

.6 .(%!( n5 4, /. #&.+.(,0#&+5 )7 *,,$7#3- /0#& &#+,$! *$-.(#/0+ /. K3% Hθ 6.(

!8!(7 ,!(+4/*/#.3 θ #3 Sym(n) &*/#&67#3- /0! '.3%#/#.3& .6 :0!.(!+ J9J9 L.(!2
.8!(5 #6 "! M4&/ "#&0 /. -!3!(*/! */ $!*&/ .3! (!,(!&!3/*/#8! .6 !*'0  !"#"$%& !#

'()!! .6 &!$62'.+,$!+!3/*(7 k207,!(-(*,0& .6 .(%!( n5 #/ &4N'!& /. *,,$7 /0#&

*$-.(#/0+ /. .3! ,!(+4/*/#.3 θ 6(.+ !*'0 '.3M4-*'7 '$*&& .6 ,!(+4/*/#.3& #3

Sym(n) &*/#&67#3- /0! '.3%#/#.3& .6 :0!.(!+ J9J9

3 300"#4'5

F3 G!++* O9I5 "! "#$$ &0." %#(!'/$7 /0*/ /0! 3!'!&&*(7 *3% &4N'#!3/ '.3%#/#.3

PAQ .6 R.(.$$*(7 H9J .3 /0! .(%!( n .6 * &!$62'.+,$!+!3/*(7 k207,!(-(*,0 #&

!S4#8*$!3/ /. ;B7+*C&1# *3%  .M%*T& '.3%#/#.3 /0*/

(

n
k

)

#& !8!39 E#(&/ "! "#$$

3!!% &.+! 3./*/#.39

E.( ,.&#/#8! #3/!-!(& m *3% n5 (!'*$$ /0*/ n[m] %!3./!& /0! 43#S4! #3/!-!(

#3 {0, 1, . . . , m − 1} &4'0 /0*/ n ≡ n[m](mod m)9 G!/
[

n
m

]

%!3./! /0! S4./#!3/

4,.3 %#8#&#.3 .6 n )7 m9 E#3*$$75 6.( *37 ,(#+! 34+)!( p5 $!/ n(p) %!3./! /0!

$*(-!&/ #3/!-!( i &4'0 /0*/ pi
%#8#%!& n9

F/ #& "!$$ 13."3 /0*/ 6.( *37 ,.&#/#8! #3/!-!( m *3% ,(#+! 34+)!( p5 "!

0*8!

m!(p) =
∑

r≥1

[

m

pr

]

.

F/ 6.$$."& /0*/

(

m

n

)

(p)

=

(

m!

n!(m − n)!

)

(p)

= m!(p) − n!(p) − (m − n)!(p)

=
∑

r≥1

{[

m

pr

]

−

[

n

pr

]

−

[

m − n

pr

]}
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 ! "#$ !%#&'#(! !#") (!*+ ,$ ()! -'+ #./%! '-,$0 ()! 1!&&23$/1$ 4#"( ()#(

[

m

pr

]

−

[

n

pr

]

−

[

m − n

pr

]

=

{

1 ,4 m[pr] < n[pr ]

0 /()!*1,-!

. 5678

 !""# $%&%

 !" k #$% n &! '()*"*+! *$"!,!-). k ≤ n. #$% /!" b &! "0! &*$#-1 -!'-!)!$"#"*($

(2 k3 40!$
(

n
k

)

*) !+!$ *2 #$% ($/1 *2

n[2ℓ+1] < k[2ℓ+1] 2(- )(5! ℓ ∈ supp(b). 5668

'())*+ 9.-!*%! ()#(

(

n
k

)

,- !%!$ ,4 #$: /$&; ,4

(

n
k

)

(2)
≥ 1< =; 5>8 1! )#%!

(

n

k

)

(2)

=
∑

r≥1

{

[ n

2r

]

−

[

k

2r

]

−

[

n − k

2r

]}

. 56?8

=; 5678@ 4/* !#") r ≥ 1 1! )#%!

[ n

2r

]

−

[

k

2r

]

−

[

n − k

2r

]

=

{

1 ,4 n[2r ] < k[2r]

0 /()!*1,-!

.

A!$"! 56?8 ,+B&,!- ()#(

(

n
k

)

,- !%!$ ,4 #$: /$&; ,4

n[2r] < k[2r ] 4/* -/+! r ≥ 1,

()#( ,-@ ,4 #$: /$&; ,4

n[2ℓ+1] < k[2ℓ+1] 4/* -/+! ℓ ≥ 0. 56C8

D/1 1! 1,&& -)/1 ()#( ()! "/$:,(,/$ ,$ 56C8 )/&:- 4/* -/+! ℓ ≥ 0 ,4 #$: /$&;
,4 ,( )/&:- 4/* -/+! ℓ ∈ supp(b)< E4 56C8 )/&:- 4/* -/+! ℓ ∈ supp(b)@ ()!$ 56C8
"!*(#,$&; )/&:- 4/* -/+! ℓ ≥ 0< F/$%!*-!&;@ #--'+! 4/* ()! -#3! /4 "/$(*#:,"(,/$
()#( ()! "/$:,(,/$ ,$ 56C8 :/!- $/( )/&: 4/* #$; ℓ ∈ supp(b)@ .'( ,( )/&:- 4/*
-/+! ℓ 6∈ supp(b)< D/1 ,4 i 6∈ supp(b) 4/* #&& i -'") ()#( 0 ≤ i ≤ ℓ@ ()!$ k[2ℓ+1] =
∑ℓ

i=0 bi2
i = 0@ #$: -/ 56C8 ,+B&,!- ()#( n[2ℓ+1] < 0@ 0,%,$0 # "/$(*#:,"(,/$<

A!$"! ()!*! +'-( !G,-( # $/$$!0#(,%! ,$(!0!* i < ℓ -'") ()#( i ∈ supp(b)< H!(

ℓ∗ :!$/(! ()! &#*0!-( -'") ,$(!0!* i< I)!$ k[2ℓ+1] =
∑ℓ∗

i=0 bi2
i = k[2ℓ∗+1]@ #$: -/

56C8 ,+B&,!- ()#(

n[2ℓ+1] < k[2ℓ∗+1]. 56J8
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