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V  ! " #$ %& !&% "$' E  ! " ()**&(% )$ )+ !,-!&%! )+ V . / 012&343"20 (V, E)  !

("**&' k !"#$%&' 5)3 " k ()*+&,&-*(6  + E  ! " !,-!&% )+ V (k)
. 70& 2"3"8&%&3!

k "$' |V | "3& ("**&' %0& &-". "$' %0& %&/+& )+ %0& k9012&343"20: 3&!2&(% ;&*1.

70& ;&3%&< !&% "$' %0& &'4& !&% )+ " 012&343"20 X = ** )+%&$ -& '&$)%&' -1

V (X) "$' E(X): 3&!2&(% ;&*1. >)%& %0"% " ?9012&343"20  ! " ,&-*(.
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)+ X  ! "$  !)8)320 !8 +3)8 X %) X. 70& !&% )+ "** ",%)8)320 !8! )+ X
= ** -& '&$)%&' -1 Aut(X). B*&"3*1: Aut(X)  ! " !,-43),2 )+ Sym(V (X)): %0&

!188&%3 ( 43),2 )+ 2&38,%"% )$! )$ V (X).
70& 1%'*3+'+"2 XC

)+ " k9012&343"20 X = (V,E)  ! %0& 012&343"20

= %0 ;&3%&< !&% V "$' &'4& !&% V (k) \ E. / k9012&343"20 X  ! ("**&' 0+3$ 

1%'*3+'+"2-&)  +  %  !  !)8)320 ( %)  %! ()82*&8&$%. /$  !)8)320 !8 -&%=&&$

" !&*+9()82*&8&$%"31 k9012&343"20 X = (V, E) "$'  %! ()82*&8&$% XC
 ! ("**&'

"$ -"2#'%&*(#0' )+ X. 70& !&% )+ "** "$% 8)320 !8! )+ X = ** -& '&$)%&' -1

Ant(X). A%  ! &"!1 %) (0&(C %0"% Aut(X) ∪ Ant(X)  ! " !,-43),2 )+ Sym(V ):
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2- 23! (!5<#"2= -. 5-))<%"5*2"-% %!2?-#&( *%7> 5-%(!@<!%2$=> 23!= 3*;! +!!%

(2<7"!7 !42!%(";!$=9  3! #!(<$2( 2- 7*2! 3*;! +!!% 5-),"$!7 !A5"!%2$= "% /B>

,,90C6BDB19 E-)! (<A5"!%2 5-%7"2"-%( -% 23! -#7!# -. $*#8! (!2( "% ?3"53 23!
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*%7 p "( * ,#")!> 23!% vτ , vG, Gv> *%7 τ−1Gτ ?"$$ 7!%-2! 23! ")*8! -. v += τ >
23! -#+"2 -. G 5-%2*"%"%8 v> 23! (2*+"$"J!# -. 23! ,-"%2 v "% 23! 8#-<, G> *%7 23!
5-%K<8*2! -. G += τ > #!(,!52";!$=9 H-# I%"2! (!2( U *%7 V > *%7 *%= ,!#)<2*2"-%
α ∈ Sym(U) *%7 β ∈ Sym(V )> 23! ,!#)<2*2"-% α×β ∈ Sym(U ×V ) "( 7!I%!7
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.' !"& *#$& )"&+& k = 2 789: k = 3 #'- n .$ (-- 7;9: #'- )"&+& n .$ # <+.1& <()&+

7;93  ' =&*!.(' 4: )& ).>> <+&$&'! # *('$!+5*!.(' !( <+(?& !"#! !"& '&*&$$#+, *('-.@

!.('$ (/ 0"&(+&1 234 #+& $56*.&'! .' #>> *#$&$3  ' =&*!.(' A: )& ).>> *"#+#*!&+.B&

!"& $!+5*!5+& (/ ?&+!&C@!+#'$.!.?& $&>/@*(1<>&1&'!#+, k@",<&+D+#<"$ )".*" "#?&

<+.1& (+-&+ p .' !"& *#$&$ )"&+& k = 2ℓ
(+ k = 2ℓ + 1: #'- p ≡ 1(mod 2ℓ+1
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 !"#$%&'(%)"#$

F& %&D.' ).!" # *('$!+5*!.(' (/ ?&+!&C@!+#'$.!.?& $&>/@*(1<>&1&'!#+, 5'./(+1

",<&+D+#<"$ (/ <+.1& <()&+ (+-&+3  / F .$ # G'.!& G&>- #'- a1, a2, . . . , ak ∈ F:

!"&  !" #$% &'"#$ #$($%)*"!"( (/ a1, a2, . . . , ak .$ -&G'&- #$ V M(a1, . . . , ak) =
∏

i>j(ai − aj)3

 !"#$%&'$(!" )*+*  !"#$ k%&'()*+, -$.#+/+!.-

+$( k ,$ !" *"($-$%. k ≥ 2. !"# /$( q ,$ ! 0%*)$ 0'1$% 2345 (5!( q ≡ 1(mod
2ℓ+1). 15$%$ ℓ = max{k(2), (k − 1)(2)}6 +$( r ,$ ! #*7*2'% '8 (5$ *"($-$% (q −

1)/2ℓ+1
6 +$( Fq ,$ (5$ 9$/# '8 '%#$% q. /$( ω ,$ ! -$"$%!('% '8 (5$ )3/(*0/*4!(*7$

-%'30 F
∗
q . !"# /$( c = gcd(n − 1, r

(

k
2

)

)6 :'% i = 0, 1, . . . , 2c − 1. /$( Fi #$"'($

(5$ 4'2$( ωi
〈

ω2r(k

2)
〉

*" F
∗
q 6 :*"!//;. #$9"$ Pq,k,r (' ,$ (5$ k<5;0$%-%!05 1*(5

7$%($= 2$(

V (Pq,k,r) := Fq,

!"# $#-$ 2$(

E(Pq,k,r) := {{a1, . . . , ak} ∈ F
(k)
q : V M(a1, . . . , ak) ∈ F0 ∪ · · · ∪ Fc−1}.

 ! $"(5>- %& '(!&- !"#! H(!(I'.J #'- K#L'# G+$! .'!+(-5*&- M('$!+5*!.(' 432

7;9 ).!" r = 13 0"&.+ *('$!+5*!.(' )#$ .' !5+' #' &C!&'$.(' (/ !"& )&>>@J'()'

*('$!+5*!.(' (/ H#>&, D+#<"$: )".*" *#' %& /(5'- .' N#( 7893 0"& &C!&'$.(' !(

H#>&, A@",<&+D+#<"$ ).!" r = 1 "#- %&&' <+&?.(5$>, .'!+(-5*&- %, O(*#, .'

7P93 H&.$&+! #>$( <+&$&'!&- !".$ *('$!+5*!.(' .' 7Q9 .' !"& *#$& )"&+& k = 2 #'-

r .$ #', -.?.$(+ (/ (q − 1)/43

,-../ )*)* >5$ ?!/$; k<5;0$%-%!05 Pq,k,r #$9"$# *" @'"2(%34(*'" 432 *2 !

7$%($=<(%!"2*(*7$ !"# 2$/8<4')0/$)$"(!%; k<5;0$%-%!056
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: )& "#?& q − 1 = 2ℓ+1rt /(+ $(1& <($.!.?&

.'!&D&+ t3 R&! d %& !"& (+-&+ (/ ωr(k

2)
.' F

∗
q 3 0"&'

d =
q − 1

gcd(q − 1, r
(

k
2

)

)
.

S.+$! *('$.-&+ !"& *#$& )"&' k .$ &?&'3 0"&' k = 2ℓk′
/(+ k′

(--3 T&'*&

d =
2ℓ+1rt

gcd(2ℓ+1rt, rk(k − 1)/2)
=

2ℓ+1t

gcd(2ℓ+1t, 2ℓk′(k − 1)/2)

=
2ℓ+1t

gcd(2ℓ+1t, 2ℓ−1k′(k − 1))
= 4

(

t

gcd(4t, k′(k − 1))

)

.
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 !"#$ k′
%"& k − 1 %'$ ()*+ )&& !"*$,$'-. gcd(4t, k′(k − 1)) !- % &!/!-)' )0 t. %"&

-) t/ gcd(4t, k′(k − 1)) !- %" !"*$,$'1 2+3- d !- &!/!-!(4$ (5 6 7+$" k !- $/$"1

8)7 -399)-$ *+%* k !- )&&1 2+$" k − 1 = 2ℓk′
7+$'$ k′

!- )&&1 :$ -!;!4%'45

)(*%!"

d = 4

(

t

gcd(4t, kk′)

)

, <=>

%"& -!"#$ k %"& k′
%'$ ()*+ )&&. !* 0)44)7- *+%* d !- &!/!-!(4$ (5 6 7+$" k !- )&&

%4-)1

2+3- d !- &!/!-!(4$ (5 6. %"& #)"-$?3$"*45 *+$ -3(,')39

〈

ω2r(k

2)
〉

!- )0 $/$"

)'&$' %"& $/$" !"&$@ !" F
∗
q 1 A$"#$ −1 ∈

〈

ω2r(k

2)
〉

. %"& -) *+$ $&,$ -$* )0 Pq,k,r

!- 7$44 &$B"$&1 C4-). *+$ -$*-

A :=
c−1
⋃

i=0

ωi
〈

ωr(k

2)
〉

=
c−1
⋃

i=0

Fi

%"&

Ā :=

c−1
⋃

i=0

ωi+r(k

2)
〈

ω2r(k

2)
〉

=

2c−1
⋃

i=c

Fi = ωr(k

2)A

9%'*!*!)" F
∗
q 1

D$B"$ % (!E$#*!)" φ : Fq → Fq (5 aφ := ωra. 0)' %44 a ∈ Fq1 F(-$'/$ *+%*

0)' %"5 kG-3(-$* {a1, . . . ak} ∈ F
(k)
q . 7$ +%/$

V M(ωra1, . . . , ω
rak) = (ωr)(

k

2)V M(a1, . . . , ak) = ωr(k

2)V M(a1, . . . , ak).

2+3- φ !"&3#$- % ;%99!", 0'); A *) Ā. %"& +$"#$ 0'); E(Pq,k,r) *) E(PC
q,k,r) =

F
(k)
q \ E(Pq,k,r)1 2+3- φ !- %" %"*!;)'9+!-; )0 Pq,k,r. %"& -) Pq,k,r !- % -$40G

#);94$;$"*%'5 kG+59$','%9+1
2) -$$ *+%* Pq,k,r !- /$'*$@G*'%"-!*!/$. !* -3H#$- *) -+)7 *+%* %" %3*);)'G

9+!-; #%" ;%9 I *) %"5 )*+$' /$'*$@1 J)' %"5 a ∈ Fq. *+$ (!E$#*!)" α : Fq → Fq

&$B"$& (5 yα = y + a. 0)' %44 y ∈ Fq. ;%9- I *) a1  !"#$

V M(a1 + a, . . . , ak + a) = V M(a1, . . . , ak),

*+$ (!E$#*!)" α !- %" %3*);)'9+!-; )0 Pq,k,r. %"& -) Pq,k,r !- /$'*$@G*'%"-!*!/$1

K"  $#*!)" L 7$ 7!44 3-$ '$-34*- 0'); ,')39 *+$)'5 *) B"& *+$ #);94$*$

%3*);)'9+!-; ,')39 )0 *+$ M%4$5 kG+59$','%9+ P (q, k, r) )0 N)"-*'3#*!)" O1=.

!" *+$ #%-$ 7+$'$ q !- 9'!;$ %"& k = 2ℓ
)' k = 2ℓ + 11

P$;;% O1O -+)7- *+%* *+$ #)"/$'-$ )0 2+$)'$; =1O +)4&- 7+$" n !- % 9'!;$

9)7$'1 :$ ")7 ,$"$'%4!Q$ N)"-*'3#*!)" O1= %"& 9')/$ *+%* *+$ #)"/$'-$ )0

2+$)'$; =1O !- *'3$ !" %44 #%-$-1

R



 !"#$%&'$(!" )*+*  !" k #! $% &%"!'!() k ≥ 2) $%* +!" n #! $ ,-.&"&/! &%"!'!(

.012 "2$"

pn(p) ≡ 1 (mod 2ℓ+1) 3-( !/!(4 ,(&5! p,

62!(! ℓ &. "2! +$('!." ,-.&"&/! &%"!'!( .012 "2$" 2ℓ
*&/&*!. $ ,-.&"&/! &%"!'!( m

6&"2 m ≤ k7  !" n = pα1
1 pα2

2 · · · pαt

t #! "2! 0%&80! ,(&5! 3$1"-(&9$"&-% -3 n)
62!(! pi &. ,(&5!) αi ≥ 1 $%* p1 < p2 < . . . < pt7 :-( !$12 i ∈ {1, 2, . . . , t}) +!"
qi = pαi

i ) +!" ri #! $ *&/&.-( -3 "2! &%"!'!( (qi−1)/2ℓ+1
) $%* +!" r = (r1, r2, . . . , rt)7

 !" Fqi
*!%-"! "2! ;!+* -3 -(*!( qi7

 !"

V = Fq1
× Fq2

× . . . × Fqt−1
× Fqt

.

<!;%! $ 5$,,&%' ζ : V (k) → Z2 #4

ζ({x1, x2, . . . , xk}) =



















0 &3 {x1j , x2j , . . . , xkj} ∈ E(Pqj ,m,rj
),

62!(! j = min{i : 1 ≤ i ≤ t $%* |{x1i, x2i, . . . , xki}| > 1}

$%* m = |{x1j , x2j , . . . , xkj}|.

1 otherwise.

=-6 *!;%! Xn,k,r "- #! "2! k>24,!('($,2 6&"2 /!("!? .!" V $%* !*'! .!"

E = {{x1, x2, . . . , xk} ∈ V (k) : ζ({x1, x2, . . . , xk}) = 0}.

 !"# "$%" &$#' t = 1 %'( n = q1 = pα1
1 )* % +,)-# +!&#, .!'/,0#'" "! 1

-!(02! 2ℓ+1
3 "$# k4$5+#,/,%+$ Xn,k,r !6 7!'*",0.")!' 89: )* "$# *%-# %* "$#

k4$5+#,/,%+$ Pq1,k,r1
/);#' <5 7!'*",0.")!' 8919

,-../ )*0* @2! k>24,!('($,2 Xn,k,r *!;%!* &% A-%."(01"&-% 89: &. /!("!?>

"($%.&"&/! $%* .!+3>1-5,+!5!%"$(47

1%!!23 =)'.# pn(p) ≡ 1 (mod 2ℓ+1) 6!, #;#,5 +,)-# p3 )" 6!22!&* "$%" 6!, #%.$
i3 qi ≡ 1 (mod 2ℓ+1)3 %'( $#'.# qi ≡ 1 (mod 2b+1) 6!, %22 b ≤ ℓ9  !& <5

(#>')")!'3 ℓ = max{ℓm : 1 < m ≤ k} &$#,# ℓm = max{m(2), (m− 1)(2)}9 ?#'.#

qi ≡ 1 (mod 2ℓm+1) 6!, 1 < m ≤ k3 %'( *! Pqi,m,ri
)* &#224(#>'#( 6!, 1 ≤ i ≤ t

%'( 1 < m ≤ k9 @$0* "$# #(/#* !6 Xn,k,r %,# &#224(#>'#(9

A#" F
∗
qi
(#'!"# "$# B.5.2).C -02")+2).%");# /,!0+ !6 '!'4D#,! #2#-#'"* )' Fqi

3

%'( 2#" ωi <# % /#'#,%"!, !6 F
∗
qi
9 E!, #%.$ 1 ≤ i ≤ t3 (#>'# % <)F#.")!' φi : Fqi

→

Fqi
<5 aφi := ωri

i a3 6!, %22 a ∈ Fn9 @$#' φi ∈ Ant(Pqi,m,ri
) 6!, 1 < m ≤ k3 *!

)" 6!22!&* 6,!- "$# (#>')")!' !6 Xn,k,r "$%" φ1 × φ2 × · · · × φt ∈ Ant(Xn,k,r)9
?#'.# Xn,k,r )* *#264.!-+2#-#'"%,59

@! *## "$%" Xn,k,r )* ;#,"#G4",%'*)");#3 )" *0H.#* "! *$!& "$%" %' %0"!-!,4

+$)*- .%' -%+ "$# ;#,"#G 0 := (0, 0, . . . , 0) "! %'5 !"$#, ;#,"#G9 E!, 1 ≤ i ≤ t
%'( 6!, %'5 xi ∈ Fqi

3 "$# <)F#.")!' αxi
: Fqi

→ Fqi
(#>'#( <5 yα = y+xi3 6!, %22

y ∈ Fqi
3 -%+* I "! xi9 J!,#!;#,3 αxi

+,#*#,;#* "$# K%' (#, J!'(# (#"#,-)'%'"

!6 %'5 m +%),&)*# ()*")'." #2#-#'"* )' Fqi
3 %'( $#'.# αxi

)* %' %0"!-!,+$)*-

!6 Pqi,m,ri
3 6!, 1 < m ≤ k9  !& 2#" x = (x1, x2, . . . , xt) ∈ V 9 L" 6!22!&* 6,!- "$#

M



 !"#$%$&# &' Xn,k,r %()% αx := αx1
× αx2

× · · · × αxt
∈ Aut(Xn,k,r)* +$#,! αx

-)./ 0 %& x )# x 0)/ )# )12$%1)13 !4!-!#% &' V 5 $% '&44&0/ %()% Aut(Xn,k,r)
),%/ %1)#/$%$6!43 &# V 5 )# /& Xn,k,r $/ 6!1%!78%1)#/$%$6!*

 !"#$"% &'('  !" ℓ #! $ %&'("()! (*"!+!,- .!" k = 2ℓ
&, k = 2ℓ + 1- $*/

.!" n ≡ 1 (mod 2ℓ+1)0 12!,! !3('"' $ )!,"!34",$*'("()! '!.546&7%.!7!*"$,8 k4
28%!,+,$%2 &5 &,/!, n (5 $*/ &*.8 (5

pn(p) ≡ 1(mod 2ℓ+1) 5&, !)!,8 %,(7! p. 9:;

)$##*+ <(! #!,!//$%3 &' ,&# $%$&# 9:; '&44&0/  $1!,%43 '1&- <(!&1!- =*:* +$#,!

k = 2ℓ
&1 k = 2ℓ +15 '&1 )#3 $#%!>!1 m /?,( %()% 1 < m ≤ k5 ℓ $/ >1!)%!1 %()# &1

!@?)4 %& %(! 4)1>!/% $#%!>!1 i /?,( %()% 2i
 $6$ !/ m* <(?/ k, ℓ5 )# n /)%$/'3 %(!

(3.&%(!/!/ &' A&#/%1?,%$&# :*B5 )# /& %(! /?C,$!#,3 &' ,&# $%$&# 9:; '&44&0/

'1&- D!--) :*E*

 !"#$"%&$#'()*$*+" )",-&./01,"0"($'#2 3(*-/#0

421"#5#'14) /- 1#*0" /#6"#

 !" #$%&'(')*$'%+ , +-(% .$-/0 12%-$3

F# +!,%$&# B*B5 0! 0$44 ,()1),%!1$G! %(! 6!1%!78%1)#/$%$6! /!4'8,&-.4!-!#%)13 k8
(3.!1>1).(/ &' .1$-! &1 !1 p $# %(! ,)/!/ 0(!1! k = 2ℓ

&1 k = 2ℓ + 1 )# 

p ≡ 1(mod2ℓ+1)* <&  & %($/5 0! 0$44 1!@?$1! /&-! 1!/?4%/ '1&- >1&?. %(!&13*

H&1 ) .1$-! .&0!1 q5 4!% F
∗
q  !#&%! %(! -?4%$.4$,)%$6! >1&?. &' ?#$%/ &' %(!

"#$%! "!4 Fq &' &1 !1 q* I$6!# a ∈ F
∗
q )# b ∈ Fq5  !"#! %(! -)..$#> Ta,b 23

Ta,b : x → ax + b* J#! ,)# /(&0 %()% Ta,b $/ ) .!1-?%)%$&# &' Fq5 )# %()%

{Ta,b : a ∈ F
∗
q , b ∈ Fq} $/ ) >1&?.5 ,)44! %(! $9*! .(*!$, +,&:% &5 %!,7:"$"(&*'

),%$#> &# Fq* <($/ >1&?. 0$44 2!  !#&%! 23 AGL1(q)* F' ) H $/ ) /?2>1&?.

&' ) >1&?. G5 0! 0$44  !#&%! %($/ 23 H ≤ G* F' H )# G )1! !@?$6)4!#% )/

.!1-?%)%$&# >1&?./5 0! 0$44  !#&%! %($/ 23 H ≡ G* K .!1-?%)%$&# >1&?. G
),%$#> &# ) "#$%! /!% Ω $/ '2$,%.8 ",$*'("()! $' '&1 )#3 %0& .&$#%/ α, β ∈ Ω5
%(!1! $/ !7),%43 &#! .!1-?%)%$&# g ∈ G /?,( %()% αg = β* <(! >1&?. G $/

'2$,%.8 /&:#.84",$*'("()! $' G $/ /()1.43 %1)#/$%$6! $# $%/ ),%$&# &# &1 !1! .)$1/

&'  $/%$#,% !4!-!#%/ '1&- Ω*
<(! '&44&0$#> %0& %(!&1!-/  ?! %& L?1#/$ ! M=NO )# P)//!#()?/ M==O 1!/%1$,%

%(! )?%&-&1.($/- >1&?. &' ) 6!1%!78%1)#/$%$6! k8(3.!1>1).( &' .1$-! &1 !1*

 !"#$"% ,'-' ./0$1234" 5-678 ;5 G (' $ ",$*'("()! %!,7:"$"(&* +,&:% $6"(*+

&* $ %,(7! *:7#!, p &5 !.!7!*"'- "2!* !("2!, G (' /&:#.84",$*'("()! &,

G ≡ {Ta,b : a ∈ H ≤ F
∗
p , b ∈ Fp}.

 !"#$"% ,'&' .9:22"1!:02 5--; ,78 < '2$,%.8 /&:#.84",$*'("()! %!,7:"$"(&*

+,&:% &5 %,(7! /!+,!! p (' !=:()$.!*" $' $ %!,7:"$"(&* +,&:% "& AGL1(p)0

Q



 ! "#$$ %$&' (!)*#(! +,! -'$$'"#./ *&!-*$ %.0 "!$$12.'". 3'*.+#./ +''$4 3%$$!0

+,!  !"#$%&$'"#(#)*! $!55%6

 !""# $%$% &'()*+,-+#)*.*/!( 01234 +*$ G "* ' ,*!-.$'$#/0 1!/., '2$#01 /0

V '03 (*$ x "* ' ,/#0$ #0 V 4 56*0 |G| = |Gx||x
G|.

 !" #$%&'(%()*+), &(-%.*/*+$)0

7. &'5! '- +,! $#+!(%+*(! 8!/6 9:;<4 % =!(5*+%+#'. ",#3, #& %. %.+#5'(=,#&5 '- %

&!$-13'5=$!5!.+%(> k1,>=!(/(%=, #& 3%$$!0 % k%2/-,(*-*0$#01 ,*!-.$'$#/04 %.0
"! ,%?! +,! -'$$'"#./ .%+*(%$ 3,%(%3+!(#@%+#'.6

 !""# $%5% 063

7 ,*!-.$'$#/0 θ /0 V #8 ' k%2/-,(*-*0$#01 ,*!-.$'$#/0

⇐⇒ Aθj

6= A, ∀ A ∈ V (k),∀ j /339

⇐⇒ $6* 8*:.*02* A,Aθ, Aθ2

, Aθ3

, . . . 6'8 *;*0 (*01$69 ∀ A ∈ V (k)
4

7- θ #& % k13'5=$!5!.+#./ =!(5*+%+#'. #. Sym(V )4 +,! &!+ '- &!$-13'5=$!5!.+%(>
k1,>=!(/(%=,& '. V -'( ",#3, θ #& %. %.+#5'(=,#&5 #& 3%$$!0 +,! θ%8<#$26#01
2('88 '- &!$-13'5=$!5!.+%(> k1,>=!(/(%=,& '. V 6 A"' &!$-13'5=$!5!.+%(> k1
,>=!(/(%=,& #. +,#& θ1&"#+3,#./ 3$%&& %(! &%#0 +' B! θ%8<#$26#01 *:.#;'(*0$6
 ! "#$$ (!)*#(! +,! -'$$'"#./ $!55% 0*! +' C'+'D.#2 %.0 E%F.%6 7+ #& =('?!0

"#+,#. +,!#( =(''- '- A,!'(!5 G6H #. 9I;6

 !""# $%6% 073 +*$ ℓ "* ' ,/8#$#;* #0$*1*!9 (*$ k = 2ℓ
/! k = 2ℓ + 19 '03

(*$ n ≡ 1 (mod 2ℓ+1)4 +*$ O2 "* $6* 8*$ /= k%2/-,(*-*0$#01 ,*!-.$'$#/08 #0
Sym(n) <6/8* /!3*!8 '!* ,/<*!8 /= >4 56*0 *;*!? *(*-*0$ /= O2 6'8 *@'2$(?

/0* A@*3 ,/#0$ '03 '(( /$6*! /!"#$8 6';* (*01$6 3#;#8#"(* "? 2ℓ+1
4

 ! 1 23/-/2*(-+4/*+$)

J'" "! %(! (!%0> +' 3,%(%3+!(#@! +,! ?!(+!K1+(%.&#+#?! &!$-13'5=$!5!.+%(> k1
,>=!(/(%=,& '- =(#5! '(0!( p #. +,! 3%&!& ",!(! k = 2ℓ

'( k = 2ℓ + 14 %.0
p ≡ 1 (mod 2ℓ+1)6  ! B!/#. B> 0!+!(5#.#./ +,! &!+ '- ='&&#B$! %*+'5'(=,#&5&
%.0 %.+#5'(=,#&5& '- +,!&! ,>=!(/(%=,&6

 !""# $%8% &.,,/8* k = 2ℓ
/! k = 2ℓ + 14 B= X #8 ' ;*!$*@%$!'08#$#;* 8*(=%

2/-,(*-*0$'!? k%6?,*!1!',6 /= ,!#-* /!3*! p ≡ 1 (mod 2ℓ+1)9 $6*0 Ant(X) ∪
Aut(X) #8 *:.#;'(*0$ '8 ' ,*!-.$'$#/0 1!/., $/ ' 8."1!/., /= AGL1(p)4 56'$
#8

Ant(X) ∪ Aut(X) ≡ {Ta,b : a ∈ G ≤ F
∗
p , b ∈ Fp}.

9(::;< L#.3! X #& ?!(+!K1+(%.&#+#?!4 Aut(X) %.0 Ant(X) ∪ Aut(X) %(! B'+,
+(%.&#+#?! =!(5*+%+#'. /('*=& %3+#./ '. % =(#5! .*5B!( '- !$!5!.+&6 L#.3!

p ≡ 1 (mod 2ℓ+1)4 A,!'(!5 G6G #5=$#!& +,%+ X #& .'+ 0'*B$>1+(%.&#+#?!4 %.0 &'
B> M*(.&#0!N& A,!'(!54

Aut(X) ≡ {Ta,b : a ∈ H ≤ F
∗
p , b ∈ Fp} 8O<

P



 !" #!$% #&'("!&) H ! F
∗
p* +!, #-./% AGL1(p) -# 0!&'1234"5.#-4-6% 5.0 X -# .!4

0!&'1234"5.#-4-6%7 Aut(X) 6≡ AGL1(p)* 8%./% H -# 5 )"!)%" #&'("!&) ! F
∗
p -.

9:&54-!. ;<=7 5.0 #! |H| ≤ p−1
2 * >?&# |Aut(X)| = p|H| ≤ p(p−1)

2 * @-./% Aut(X)
-# 5. -.0%A3B #&'("!&) ! Aut(X) ∪ Ant(X)7 ,% ?56% |Aut(X) ∪ |Ant(X)| =
2|Aut(X)| ≤ p(p − 1)*

C Aut(X) ∪ Ant(X) -# .!4 0!&'1234"5.#-4-6%7 4?%. 4?% "%#&14  !11!,#  "!$

D&".#-0%E# >?%!"%$ <*F* G. 4?% !4?%" ?5.07 - Aut(X) ∪ Ant(X) -# 0!&'123

4"5.#-4-6%7 4?%. /%"45-.12 |Aut(X) ∪ Ant(X)| ≥ p(p − 1)7 ,?-/? -$)1-%# 4?54

|Aut(X) ∪ Ant(X)| = p(p − 1)* 8%./% Aut(X) ∪ Ant(X) $&#4 '% #?5")12

0!&'1234"5.#-4-6%7 5.0 #! -. 4?-# /5#% 4?% "%#&14  !11!,#  "!$ H5##%.?5&#E >?%!3

"%$ <*B*

C. 4?% .%A4 1%$$57 ,% /!$)1%4%12 0%4%"$-.% 4?% #%4 ! 5&4!$!")?-#$# 5.0

5.4-$!")?-#$# ! 4?% I51%2 k3?2)%"("5)?# ! J!.#4"&/4-!. B*F ,?-/? ?56% )"-$%

!"0%"*

 !""# $%&%  !" ℓ #! $ %&'("()! (*"!+!,- ./%%&'! k = 2ℓ
&, k = 2ℓ + 10 $*1

q #! $ %,(2! %&3!, '/45 "5$" q ≡ 1 (mod 2ℓ+1)-  !" r #! $ 1()('&, &6

q−1
2ℓ+1 0

$*1 7!" X = Pq,k,r #! "5! 8$7!9 k:59%!,+,$%5 1!;*!1 (* <&*'",/4"(&* B*F-  !"

c = gcd(q − 1, r
(

k
2

)

)-

=>?  !" s #! $* (*"!+!, '/45 "5$" s
(

k
2

)

(' $* &11 2/7"(%7! &6 c- @5!*

=$? 〈Tω2s,0, T1,1〉 ≤ Aut(X)-

=#? 〈Tωs,0, T1,1〉 ≤ Aut(X) ∪ Ant(X)-

=A? 〈Tω2r,0, T1,1〉 ≤ Aut(X) $*1 〈Tωr,0, T1,1〉 ≤ Aut(X) ∪ Ant(X)-

=B? C6 q (' %,(2!0 "5!* Aut(X) ∪ Ant(X) = 〈Tωs′ ,0, T1,1〉0 35!,!

s′ = gcd

(

s : s ∈ {1, 2, . . . , q − 1}, s

(

k

2

)

(' $ 2/7"(%7! &6 c

)

.

'())*+

;F= @&))!#% 4?54 s
(

k
2

)

= (2m + 1)c* K-"#4 ,% ,-11 #?!, 4?54 ωs(k

2)A = Ā* +!4%

4?54 ωiFj = F(i+j)[2c]
* L% ?56%

ωs(k

2)A =

c−1
⋃

i=0

ω(2m+1)cFi =

c−1
⋃

i=0

F(i+(2m+1)c)[2c]
=

c−1
⋃

i=0

Fi+c =

2c−1
⋃

i=c

Fi = Ā.

8%./% ωs(k

2)A = Ā* >?-# -$)1-%# 4?547  !" 5.2 %1%$%.4 x ∈ F
∗
q 7 ,% ?56%

x ∈ A ⇐⇒ ω(2m+1)s(k

2)x ∈ Ā 5.0 ω(2m)s(k

2)x ∈ A

 !" %6%"2 -.4%(%" m*

M



 !" #$% $&'()*( +,!+ -$) ! k.'/&'(+ {a1, a2, . . . , ak} ∈ F
(k)
q 0 !1 21+(3() m0

!14 !1 (5(6(1+ b ∈ Fq0 %( ,!*(

V M(ω2msa1 + b, . . . , ω2msak + b) = ω(2m)s(k

2)V M(a1, . . . , ak).

7,/' +,( 8()6/+!+2$1 Tω2ms,b 6!8' +,( 9!1 4() :$14( 4(+()621!1+ $-

!1 (5(6(1+ $- F
(k)
q -)$6 A +$ A0 $) -)$6 Ā +$ Ā; <+ -$55$%' +,!+ Tω2ms,b

2' !1 !/+$6$)8,2'6 $- X; =21>( m !14 b %()( >,$'(1 !)&2+)!)25?0 %(

>$1>5/4( +,!+ 〈Tω2s,0, T1,1〉 ≤ Aut(X);

 &" @&'()*( +,!+ -$) ! k.'/&'(+ {a1, . . . ak} ∈ F
(k)
q 0 !1 21+(3() m0 !14 !1

(5(6(1+ b ∈ Fq0 %( ,!*(

V M(ω(2m+1)sa1 + b, . . . , ω(2m+1)sak + b) = ω(2m+1)s(k

2)V M(a1, . . . , ak).

<+ -$55$%' +,!+ +,( 8()6/+!+2$1 Tω(2m+1)s,b 6!8' +,( 9!1 4() :$14(

4(+()621!1+ $- !1 (5(6(1+ $- F
(k)
q -)$6 A +$ Ā0 $) *2>( *()'!; A(1>(

Tω(2m+1)s,b 214/>(' ! 6!88213 -)$6 E(X) +$ E(XC) = F
(k)
q \ E(X);

7,/' Tω(2m+1)s,b 2' !1 !1+26$)8,2'6 $- X; =21>( m !14 b %()( >,$'(1

!)&2+)!)25?0 %( >$1>5/4( +,!+ {Tω(2m+1)s,b : m ∈ Z, b ∈ Fq} ⊆ Ant(X);
7,2' 26852(' +,!+ 〈Tωs,0, T1,1〉 ≤ Aut(X) ∪ Ant(X);

 B" @&'()*( +,!+

∣

∣

∣
ωr(k

2)
∣

∣

∣
=

q − 1

gcd(q − 1, r
(

k
2

)

)
=

q − 1

c
.

=21>( c 42*24(' q−10 %( !5'$ ,!*( |ωc| = (q−1)/c; =21>( +,( >?>52> '/&3)$/8

$- F
∗
q $- $)4() (q − 1)/c 2' /12C/(0 2+ -$55$%' +,!+

〈

ωr(k

2)
〉

= 〈ωc〉; 7,/'

r
(

k
2

)

= mc -$) !1 21+(3() m '/>, +,!+ gcd((q − 1)/c,m) = 1; 7,( 8)$$- $-

D(66! B;B ',$%' +,!+ (q − 1)/c 2' 42*2'2&5( &? E0 !14 ,(1>( (*(10 !14 +,/'

+,( 21+(3() m 6/'+ &( $44; A(1>( r
(

k
2

)

2' !1 $44 6/5+285( $- c0 !14 '$ +,(

)('/5+ -$55$%' -)$6 F!)+  G";

 H"  !" S = {s ∈ {1, 2, . . . , q − 1} : s
(

k
2

)

#$ % &'("#)(! *+ c}, -%." /01 #&)(#!$

"2%"

〈Tωs,0, T1,1〉 ≤ Aut(X) ∪ Ant(X)

+*. %(( s ∈ S, 3" +*((*4$ "2%"

{Ta,b : a ∈ 〈ωs : s ∈ S〉, b ∈ Fq} ≤ Aut(X) ∪ Ant(X). /51

6'" 〈ωs : s ∈ S〉 #$ % 787(#7 9.*') 9!:!.%"!; <8 ωs′

= 42!.! s′ = gcd(s : s ∈
S), >!:7! /51 #&)(#!$ "2%"

〈Tωs′ ,0, T1,1〉 ≤ Aut(X) ∪ Ant(X).

?*4 #+ q #$ ).#&!=  !&&% @,A #&)(#!$ "2%" Aut(X) ∪ Ant(X) ≤ AGL1(q),
B2'$ #" .!&%#:$ "* $2*4 "2%" #+ Ta,b ∈ Aut(X) ∪ Ant(X)= "2!: a ∈ 〈ωs′

〉,

0C



 !""#$% &'(& a 6∈ 〈ωs′

〉) *#+ 〈ωs〉 ⊆ 〈ωs′

〉 ,#- (.. s ∈ S) /, a = ωm
,#- (0

10&%2%- m $!3' &'(& m
(

k
2

)

1$ ( 4!.&1".% #, c5 &'%0 a ∈ S5 (06 $# a ∈ 〈ωs′

〉5

217102 ( 3#0&-(613&1#0) 8%03% a = ωn
,#- (0 10&%2%- n $!3' &'(& n

(

k
2

)

1$

 !" ( 4!.&1".% #, c) 9#0$%:!%0&.; ωn(k

2)A 6= A (06 ωn(k

2)A 6= Ā) 8%03%
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0%)$3. -8 -%+!% p1

G5 MIN; O*:%*5 "6*@$, &'$ +*##*3 5- (5(#*-=$ &* K=65% ,$L% )'(6()&$6 .(& *5

*+ &6(5% & @$ -6*="% *+ "6 !$ ,$-6$$; +*6 &6(5% & @$ -6*="% *+ "6 !$ "*3$6 ,$-6$$>
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k/*0',+#2 !43&#5#"3!) +, 3#'2& 3+6&# +#7&#8

;! ,-" <$'" 9-"." ,-" .$!= k = 2ℓ
). k = 2ℓ + 1> $!: ,-" ).:". n = pr ≡

1 (mod 2ℓ+1)> 3-")."# ?5? 8#/18"' ,-$, '&<- $ k@-%/".2.$/- X <$!!), *"
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